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Abstract: To improve the performance of the galloping based piezoelectric energy harvester
(GEPH), this paper analytically investigates the potential advantages of the 2-degree-of-
freedom (2-DOF) GPEHs over the conventional 1-DOF.GPEH. Firstly, two different
configurations of 2-DOF GPEH are proposed and the‘corresponding governing equations are
presented. The approximate analytical solutions to both configurations are derived by using the
harmonic balance method. Numerical simulations are conducted to verify the accuracy of these
analytical solutions. Subsequently, comparisonsare conducted between the 1-DOF GPEH and
the 2-DOF GPEHs in terms of the cut-in windspeeds and output powers. It is demonstrated,
both analytically and numerically, that the second configuration of 2-DOF GPEH can easily
and remarkably reduce the cut<in,wind speed-and improve the output power from galloping
phenomenon. Finally, a parametric study.is performed to ascertain the effects of the mechanical
parameters of the second configqation on the energy harvesting performance. Based on the
results from the parametri¢ study, design guidelines for tuning the mechanical parameters are
provided to achieve performance enhancement.
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1. Introduction

In the past few decades, the demands of micro-electronics, such as wireless sensor and portable
electronics are rapidly increased. To provide a sustainable and reliable power for these smalil
devices, researchers have been attracted to design energy harvesters [1-10] for capturing the
renewable energy from the environment. Aeroelastic energy harvesting [1,%5, 8] is one,of the
most promising technologies for micro-scale power devices in recent years, since the efficiency
of traditional rotary type wind turbines drops significantly with the decrease of.the size [8].

For the aeroelastic energy harvesters, the wind energy needs to be converted into the form of
aeroelastic vibrations. Piezoelectric or electromagnetic transducerscan then.convert vibrations
and generate electricity. A variety of mechanisms for converting the .wind energy into
vibrations, including vortex-induced vibration [1, 5, 7, 11], flutter [12;,13], galloping [14-19]
and wake galloping [20-22], have been employed to_improve the efficiency of energy
harvesting. Among these mechanisms, the galloping phenomenan, is the most widely utilized
and investigated due to the large oscillation amplitudes. and high efficiency [19]. There are
normally two main objectives in the design of the gallopir?g energy harvesters: one is to
decrease the cut-in wind speed so that the low-speed:wind energy widely existing in our
environment can be harnessed; the other is to improve the output power. Conventional single
degree-of-freedom (DOF) galloping ‘energy-harvester, which consists of an elastic bluff body
and a piezoelectric/electromagnetic transducer, has been well studied in the past few years. The
feasibility of galloping energy harvesting was theoretically demonstrated by Barrero-Gil et al.
[14], which was experimentally validated by Sirohi et al. [23]. In Sirohi’s research, a beam
with a D-shaped cross-section bluffilbody and piezoelectric patches embedded was utilized to
harvest the wind energy based on the galloping phenomenon. In that research, it was shown
that the power output inereased rapidly with the increase of the wind speed when galloping
occurred. To further improve the efficiency, the geometry of bluff body was designed as
triangle section [24], square section [25] etc. The influence of the cross-section geometry on
the performance of a galloping piezoelectric energy harvester was experimentally investigated
by Yang etal.[17]. It was revealed that the performance of square cross section geometry is

better than that of the triangles, D-section and rectangle geometries.

Tolinvestigate the dynamic characteristics and performance of GPEH, various methods have
been used in the modelling and analysis of GPEH. Zhao et al. [26] conducted a comparative

study on different modelling methods (including lumped-parameter model and distributed
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parameter model) of the galloping piezoelectric energy harvester. It was found that the lumped-
parameter model was preferable due to the simplicity and the convenience to identify the
parameters from experiments. Abdelkefi et al. [27] utilized the normal form to characterize the
Hopf bifurcation of GPEH and it was noted that the maximum power harvested from galloping
was always accompanied by minimum displacements of bluff body. To accurately represent
the aerodynamic force of galloping, Parkinson et al. [28] established a nonlinear.aerodynamic
force model based on the quasi-steady hypothesis. Later, Barrero et al. [14] simplified this
model by using a cubic polynomial expression in the theoretical analysisr Javed et al. [29]
compared the influences of different aerodynamic force models on the performance of GPEH.
It was found that the aerodynamic forces determined by the same gxperimental data based on
different models can result in variations in the dynamic response of GPEH. To ascertain the
effect of the load resistance on the cut-in wind speed and output power.of GPEH, Zhao et al.
[30] introduced the equivalent circuit representation approachito analyse the interactions
between the mechanical and electrical domains of GPEH. The relations between the resistance
of the AC/DC interface circuit and the cut-in wind speed, the output power were revealed.
Abdelkefi et al. [15] proposed a nonlinear distributed-paramet.er model to determine the effect
of the load resistance on the harvested power. Tan and Yan [31] derived the analytical solutions
to Abdelkefi’s model by using the harmonic balance.method and optimized the performance
of the GPEH in terms of the output power.mBibo and Daqgaq [19] derived the approximate
analytical solution to the lumped-parameter model of 1-DOF GPEH by using the multi-scale
method and established an analytical framework to identify the influence of important
parameters on the dynamic responses and performance. Zhao and Yang [32] derived the
analytical solutions to a GPEH interfaced with three different circuits, including AC, Standard
and SCE circuits. The applicabilities of different circuits for power optimization were discussed.
Moreover, the responses of the 1-DOF GPEH subjected to both the base excitation and wind
have been experimentally [33] and analytically[19, 34, 35] investigated. It was observed that
the quenching phenemenon due to the increase of the base excitation could suppress the
galloping, resulting ina decrease of the output power.

To further increase the efficiency of aeroelastic energy harvesting, structural nonlinearity
started to gain attentions recently due to the great success of its application in vibration energy
harvesting [6, 9, 36, 37]. A nonlinear restoring force was introduced into galloping energy
harvesting by Bibo et al. [18]. It was revealed that the inter-well oscillation of the bistable
configuration clearly outperformed the high-energy oscillation of the monostable configuration.

3
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Such a nonlinear restoring force was also utilized in the wake galloping energy harvesting by
Alhadidi et al. [22]. Results indicated that the proposed nonlinear energy harvester can largely
broaden the bandwidth. Naseer et al. [38] proposed a monostable system to harvest the vortex-
induced vibrations. It was shown that changing the nonlinear restoring force caused a'shift of
lock-in region, which was helpful for low speed wind energy harvesting. Meanwhile, impact
was also introduced by Ewere et al.[16] in the galloping energy harvesting to. improve the
service life of GPEH. However, the voltage reduction was inevitable. Zhao et al. [39] recently
proposed an impact-based energy harvester, which integrated the conventional GPEH with an

elastic stopper to achieve broadband energy harvesting.

For the classic 1-DOF GPEH, since the circuit-induced damping is dependent on the frequency,
the introduction of nonlinear stiffness or variation in stiffness will change the frequency and
thus change the circuit induced damping. Hence, the change of stiffness or introducing
nonlinear stiffness can influence the cut-in wind speed anditis intrinsically dependent on the
electromechanical coupling. However, when the piezoelectric energy harvester is connected
with a load resistance, the circuit-induced damping/s non=negative [40], hence the cut-in wind
speed of 1-DOF GPEH can never be reduced by changing stiffness or electromechanical
coupling. The possible alternative means to decrease the cut-in wind speed of 1-DOF GPEH is
to directly reduce the mechanical damping, which is'usually beyond the control for a given
transduction mechanism. Therefore, decreasing the cut-in wind speed is difficult, though it has
been acknowledged that it is of{great importance for low speed wind energy harvesting.

Meanwhile, Zhao et al. [41], proposed @anonlinear 2-DOF GPEH which consists of an elastic
bluff body, a cut-out cantilever,and, two/magnets at the free end of the two cantilevers. It was
revealed in the experiment thatthe cut-in wind speed was largely decreased and the harvested
power was improved at the same:time. However, due to the complexity of the structure design
and the implementation,of the.nonlinear magnetic interactions, the analytical solution to this
nonlinear 2-DOR\GPEH was not presented. The dynamic properties and energy harvesting
performance of the 2-DOF GPEH, in addition of the effect of the nonlinear magnetic force are
still open questions. To this'end, this paper focuses on unlocking the dynamic properties and
the energy harvesting performance of a 2-DOF oscillator with a piezoelectric transducer
subjected to.the/galloping excitation. The content of this paper is organized as follows. Two
configurations of 2-DOF GPEHs are proposed and the corresponding lumped parameter
models are established in section 2. The approximate analytical solutions derived by using

harmonic balance method are presented in section 3. A comparison study between the
4
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conventional 1-DOF GPEH and proposed 2-DOF GPEHs in terms of the energy harvesting
performance is presented in section 4. A parametric analysis of the second configuration of 2-

DOF GPEH is conducted in section 5. Some useful conclusions are drawn in section 6.

2. Galloping piezoelectric energy harvesters

(a) (b) [~ S <—
A b Al &

Figure 1. (a) Conventional 1-DOF GPEH; (b) the first configuration of.2-DOF GPEH; (c) the second
configuration of 2-DOF GPEH.

Figure 1 shows the lumped parameter models of the conventionall 1-DOF and our proposed 2-DOF
GPEHSs. The 1-DOF GPEH consists of an elastically mounted bluff body and a piezoelectric patch
(figure 1(a)), which has been widely studied by many-previous researches. It undergoes galloping in the
transverse direction when subjected to an.incoming uniform cross-flow. In this paper, a 2-DOF GPEH
is developed based on the conventional 1-DOF GPEH. The first way is to add another 1-DOF oscillator
on the top of conventional 1-DORGPEH, as shown in figure 1(b). The second way is to replace the
rigid support of 1-DOF GPEH with an elastic oscillator, as shown in figure 1(c). For the first
configuration, the bottom mass is considered as the bluff body. While in the second configuration, the
top mass is set to be the bluff body. Asa result, the aerodynamic force is applied on mass m; in
configuration 1 and on mass'm;, in configuration 2. In the practical design, for the first configuration,
the additional oscillator.can be implemented inside the bluff body so that the additional oscillator will
not interact with the wind flow. For the second configuration, the additional oscillator can be designed
as a fixed-fixed beam with the additional mass in the middle made of metal so that its size is small and
the interaction between this'mass and wind flow can be minimized. F, stands for the aerodynamic force
induced by the external uniformrcross-flow and depends on the geometry of bluff body. For convenience,
the first gonfiguration of 2-DOF GPEH shown in figure 1(b) is named as 2-DOF GPEH-1 while the
second figuration' of 2-DOF GPEH in figure 1(c) as 2-DOF GPEH-2. The comparison of the
performances of 1-DOF and 2-DOF GPEHs are conducted in the following sections.
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2.1. Conventional 1-DOF GPEH

The conventional 1-DOF GPEH has been deeply investigated in the past few years. For the modelling
of the 1-DOF GPEH, based on the assumption of linear electromechanical coupling and elasticity
behaviours, the governing equations of the lumped parameter model widely used in the literatures [17-
19, 42] are:

mX+cX+kX—&NV =F,

. 1
CpV+\i+¢9)'<:O @)
R

where, my, ¢1, and ki, are the effective mass, damping and stiffness of the 1-DOF GPEH, respectively.
The effective damping can be expressed as ¢1 = 2{iw1my, where (3 is the damping ratio and ws is the
natural frequency; @ is the electromechanical coupling coefficient; Cpisithe clamped capacitance of the
piezoelectric transducer; x is the displacement relative to the base; V'is,the voltage across the
piezoelectric transducer; R is the resistance; F, is the vertical.component/of the aerodynamic force

acting on the bluff body.

To represent the aerodynamic force, the quasi-steady assumptionnis widely used in galloping energy
harvesting. In the quasi-steady assumption [43], the motion.of the blaff body is assumed to be very slow
as compared to the motion of wind. Under this assumption, the coefficients of aerodynamic force stay
constant for a given angle of attack. According to Barrero-Gil [14], the aerodynamic force F. can be
modelled as

1 X %\’
FaZEPUZLD|:Sla_Ss(U) :l 2

where L and D are the cross-flow:length and width of the bluff body, p and U are the air density and
wind speed respectively, s; and sz are the empirical linear and cubic coefficients of the transverse
galloping force, which‘are dependenton the cross-section geometry of the prismatic structure. For the

square case, these coefficients are determined by Parkinson and Smith [44].
Submitting Eq. (2)tinto Eq. (1), the governing equation of 1-DOF GPEH is rewritten as
. ! 1 . Sy /.33
m, X + ¢, X+k x — NV =EpULD 51X—F(X)

v (3)
Cp\/ +—+0%=0
R
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2.2. 2-DOF GPEHs

Based on the modelling of 1-DOF GPEH, the governing equations of 2-DOF GPEH-1 (refers to figure
1(b)) can be quickly obtained as

mX+c, (X—y)+k (x—y)=0

o 1 s, .
M,y +C,y+k,y — N =EpULD{Sly—U—i(yf}Cl(X—y)+k1(><—y) @)

.V .
va +E+0y=0

where my, C2, and kp, are the effective mass, damping and stiffness®of the<auxiliary oscillator,

respectively, y is the displacement of the auxiliary oscillator.

Similarly, the governing equations of 2-DOF GPEH-2 (refers to figure 1(c)) are

mX+c, (X—y)+k (x—y) :%pULD [sﬁ—%(x)ﬂ

M,y +¢,¥+ky -V =c, (X= ) ¥k (x=¥), &)

.V .
CpV +E+0y:0

3. Harmonic balance analysis

3.1. Analytical solutions of the eonventional2-DOF GPEH

The approximate solution of the conventional 1-DOF GPEH (figure 1(a)) was derived in Ref [19] by
using the multi-scale method. Insthis, paper, the solution is derived by using the harmonic balance

method. The detailed derivation for theid-DOF case can be found in Appendix | and the results are

ORw)’
mlwz__kl_ Cp( 620) —
(CpRa)) +1 ©)
2
c1+9—R2—1pU|_D[sl—§S—32w2r2j=o
(C,Ro) +1 2 4U

where r stands for the amplitude of displacement response of 1-DOF GPEH and w is the corresponding

frequency.

Since the cireuit-induced stiffness and damping for a piezoelectric energy harvester are
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.G (6Rw)’
(C,Re) +1 @)

e

Eq. (6) can be simplified as

ma’ -k, —k, =0

e

1 3s 8

C,+C —=pULD|s —==20’r® |=0
1 e 2 pU ( 1 4 U 2

From the first expression of Eq. (8), it is learned that the frequency of response'mainly depends on the

mechanical stiffness and electric circuit-induced stiffness. Meanwhile, setting # = 0 in the second

expression of Eq. (8), the cut-in wind speed of 1-DOF GPEH is obtained as

u, < 26+%) )

pLDs,

For a certain bluff body, its parameters, such as L, D, 1 and p are fixed. Hence, the cut-in wind speed
simply depends on the mechanical damping and.electrical damping. From Eq. (7), it can be seen that
for any positive resistance, the electrical damping is non-negative. Therefore, the cut-in wind speed of
the 1-DOF GPEH will never be smaller than that of the counterpart without piezoelectric components
(the mechanical damping is assumed to be unchanged). As a result, there is no other way to reduce the
cut-in wind speed for the conventignal 1-DOF GPEH except for reducing the mechanical damping. This
is one of the main facts that restrict.the performance of the conventional 1-DOF GPEH for low-speed
wind energy harvesting. To break through this limitation on the cut-in wind speed, 2-DOF GPEH is
developed, whose cut-in wind speed\ls notonly just dependant on the mechanical and electrical damping,
but also closely related to other mechanical parameters, such as mass and stiffness. In practical
applications, the adjustment.can be easily achieved. In the following section, harmonic balance analysis
is used to obtain the approximate‘analytical solutions of the two configurations of 2-DOF GPEHSs and
the comparison between the 1-DOF and 2-DOF GPEHs is also presented.

3.2. Analytical solutions of 2-DOF GPEH-1

To obtain the analytical solution of 2-DOF GPEH-1, the harmonic balance method is employed, and

the details of derivation can be found in the Appendix. The approximate solutions are
—m,w’ —coq+k, —k (p-1)=0
(10)
—C,o+co(p-1)-kg +%,0ULD(S1 —§iw2r2jw =0

N TR
8
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whereC, =C, +C,, IZZ =k, +k,, coefficients p and q are defined by Eq. (A-17) in the appendix. By
solving Egs. (10), we can obtain the frequency of dynamic responses (w) and the displacement

amplitude ry (defined by Eq. (A-18)). Setting the magnitude of displacement ry = 0, the cut-in wind
speed of the first configuration of 2-DOF GPEH is obtained from Eq. (10) and it is

2 ( m e’ )2

(k,—me? )2 +(co)

cr

U, =|2(c,+c, )+ . ¢ | /(pLDs,) (11)

To fairly compare the cut-in wind speed of 1-DOF GPEH and that of 2-DOF GPEH-1, the:damping c:
of 2-DOF GPEH-1 is set to be the same with the damping c: of 1-DOF GPEH since it is the primary
DOF of 2-DOF GPEH-1 that converts the vibration energy into electricity. By c&nparing Eqg. (9) and
Eq. (11), it is revealed that the cut-in wind speed of 2-DOF GPEH-L.is always larger than that of
conventional 1-DOF GPEH when the damping c: of 2-DOF GPEH-1 is positive. As a result, in terms

of cut-in wind speed, such a 2-DOF GPEH-1 is not favourable for.low-speed wind energy harvesting.

3.3. Analytical solutions of 2-DOF GPEH-2

_ . O ¥ .
Similarly, the same procedure is employed to solve the approximate solutions of 2-DOF GPEH-2. The

solutions are
—mo” +cq+k, (1- p)=0

(12)
k,G—co(1- b)+%pULDa)[Sl —%%a)zrjj =0

where coefficients pand § are defined by Eg. (A-17) in the appendix. From Eqg. (12), we obtain the
frequency of dynamic responses (@)-and the/magnitudes of displacement responses ry of 2-DOF GPEH-
2 (defined by Eq. (A-29)). The cut-in wind speed of 2-DOF GPEH-2 is calculated from Eq. (12) by
setting ry = 0:

=2k q+2c,0(1-p)
B pLDws,

U

cr

(13)

To ensure that the cut-in 'wind speed of 2-DOF GPEH-2 is lower than that of conventional 1-DOF
GPEH, the fellowing condition should be satisfied:

—kg—-cop<0 (14)

From Eq. (13), it is learned that the cut-in wind speed depends on not only the mechanical damping of
the original oscillator (c1), but also the damping (c), stiffness (k2) and mass (my) of the auxiliary

oscillator. By properly adjusting the parameters of the auxiliary oscillator, the 2-DOF GPEH-2 is

9
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promising to have a much lower cut-in wind speed than the 1-DOF GPEH, which is helpful for low-

speed wind energy harvesting.

4. Comparative study of 1-DOF GPEH and 2-DOF GPEHSs

To show the potential advantages of 2-DOF GPEH, the conventional 1-DOF GPEH and that of the
proposed 2-DOF GPEHs are analysed and compared in terms of the cut-in wind speed.and generated
power. The analytical solutions of the three configurations, along with numerical simulations, are
calculated by using the experimental parameters in Ref. [18], which are listed.in"Table 1. All the
mechanical and electrical parameters of conventional 1-DOF GPEH and proposed 2-DOF GPEHs are
set to be the same. For the 2-DOF GPEHSs, the mass, damping ratio and stiffness Qtwo sub-oscillators
are set to be the same with that of 1-DOF GPEH, as listed in Table 1. Moréover, since the 2-DOF
GPEH has doubled the mass and components of the 1-DOF GPEH; for the fairness of
comparison, another 1-DOF GPEH with its mass and bluff ‘bedy doubled (named as 1-DOF
GPEH-2) is also considered and compared with the 2-DOF GPEHS.

Table 1 Parameters of galloping piezoelectric energy harvester

Mechanical parameters Aerodynamic paran:ters

Effective mass m1 (g) 1134 Air Density, p'(kg/m?) 1.24
Effective mass mz (g) 1134 Bluff body height, L (m) 0.1
Effective stiffness ki (N/m) 58.02 Cross flow dimension, D (m) 0.05
Effective stiffness kz (N/m) 58.02 Linear aerodynamic coefficient, s 25
Damping ratio (1 0.003 Cubic aerodynamic coefficient, s3 130
Damping ratio 0.003

Electromechanical coupling @ (uN/V) i 190

Capacitance Cp (nF) 187

4.1. Cut-in wind speed

Figure 2 compares the cut-inwind speeds of the four configurations with various resistances. For all
the configurations, the cut-inwind speed in the short circuit condition is relatively low. As the resistance
increases, the cut-in'wind speed also increases until it reaches the peak value. Then, the further increase
of the resistance decreases the cut-in wind speed. The potential reason of these characteristics is mainly
due to the relation between the resistance and the circuit induced equivalent damping in Eq. (7). When
it is close to the short circuit or open circuit, the equivalent damping is close to zero, which results in
small-eut-in'wind speeds. In these cases, the piezoelectric component rarely provides circuit-induced
damping. Thus, the cut-in wind speed of GPEH is close to that of the structure without piezoelectric
component: Meanwhile, for a medium resistance, the circuit induced damping is not negligible, which
IS the.main reason of the increase in the cut-in wind speeds. Generally speaking, the AC interface circuit

10

Page 10 of 31



Page 11 of 31

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - SMS-107386.R1

(a pure resistor) has similar influences on both 1-DOF and 2-DOF GPEHSs, which also indicates that the
piezoelectric component with a pure resistance will increase the cut-in wind speed of both

configurations.

From the comparison of the cut-in wind speeds of these systems as shown in figure 2, it is clearly:seen
that the 2-DOF GPEH-2 has the smallest U and 2-DOF GPEH-1 has the largest Uer amaong these four
configurations. Though the cut-in wind speed of 1-DOF GPEH is largely decreased when the mass-and
size of bluff body are doubled, the proposed 2-DOF GPEH-2 has a better performance. For.the short
circuit condition, the cut-in wind speed of 2-DOF GPEH-2 is 1.05 m/s, 0.3575 m/s less,than that of the
1-DOF GPEH-2. When R = 161 kQ, the U of 2-DOF GPEH-2 is 1.293 m/s; which i$:0.473 m/s less
than that of 1-DOF GPEH-2 (1.766 m/s). While, the U of 2-DOF GPEH=1 is:3.382/m/s, 0.884 m/s
larger than that of 1-DOF GPEH. This demonstrates that the cut-in wind speed c% be largely reduced
by a well-designed 2-DOF GPEH (such as 2-DOF GPEH-2). Netably, both 2-DOF GPEH
configurations reach the maximum U, when R = 381 kQ. The potential reason is that the circuit induced
damping and stiffness of these two configurations are the .same when<given the same resistance
according to Eq. (7). Thus, as the circuit induced dampingsreaches the peak, the maximum Uc, of 2-
DOF GPEH is obtained for both configurations. In summary, compared to the conventional 1-DOF
GPEH and 1-DOF GPEH-2, the 2-DOF GPEH-2 can efficiently red.uce Uer.

5.0 e e
1 —— 1-DOF GPEH, Original
459 - - - 1-DOF GPEH-2 _
1 -+- 2-DOF GPEH:L ]
404 - - 2-DOF GPEH-2 i
— 35 TN ]
-, N,
‘_‘; 30_ "-/. \,\‘:
s T S WP - ]
2.5 N /—\
2.0 .
154 . _____- e -]
1o -
10° 10* 10° 10°
R [kQ)]

Figure 2.Cut-in wind speeds of four GPEH configurations for various resistances

4.2. Poweroutput and efficiency

As‘an energy harvester, generating more power and improving the efficiency are two main targets that
we pursue, hence, it is necessary to compare the power output and efficiency of conventional 1-DOF

GPEHand that of the proposed 2-DOF GPEHSs. For a fair comparison, all these energy harvesters have
11
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only one bluff body and all the bluff bodies are set to be same. The responses of these GPEHs are
analytically calculated from Egs. (8), (10) and (12), and also numerically simulated by using the Runge-
Kutta method. Three different resistances R = 10k, 400 kQ, 1000 kQ are considered in the comparison to
represent small resistance (close to short circuit), medium resistance and large resistance (close.to open
circuit) respectively. Figure 3 shows the voltage responses of three configurations. First, it is noted that
the analytical solutions obtained from the harmonic balance method can precisely predict the dynamic
responses of both 1-DOF and 2-DOF GPEHSs. Second, it is observed that for three different.resistances,
Ucr of 2-DOF GPEH-2 is the lowest while that of 2-DOF GPEH-1 is the highest; which is consistent
with the prediction from the previous section. In terms of output voltage, the 2-DOF GPEH-2 has the
largest output in the low-speed wind condition. For example, in figure 3(b) (R = 400 k), when U = 4
m/s, the output voltages of 1-DOF GPEH, 2-DOF GPEH-1 and 2-DOF GPEH-2 are 15.318 V, 10.135
V and 16.787 V, respectively. When U = 6 m/s, the output voltage of.ithese three energy harvesters are
28.482 V, 31.662 V and 27.3179 V, respectively. Meanwhile, it is notedthat in the high-speed wind
condition, the conventional GPEH has a larger output when it.is close. to short circuit while the first
configuration of 2-DOF GPEH has the largest output when itlis close to,the medium resistance or open
circuit. Thus, the second configuration of 2-DOF GPEH is.always preferable for low-speed wind energy
harvesting regardless of resistance, while the first configuration of*2-DOF GPEH has the potential to
increase the outputs of high-speed wind energy/harvesting when the resistance is large.

3 60 80
Analytical 1-DOF GPEH Analytical 1-DOF GPEH Analytical 1-DOF GPEH
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= Numerical 1-DOF GPEH = Numerical 1-DOF GPEH = Numerical 1-DOF GPEH
*  Numerical 2-DOF GPEH-1 + Numerical 2-DOF GPEH-1 K 604 . Numerical 2-DOF GPEH-1
) +  Numerical 2-DOF GPEH-2 ) 2 Numerical 2-DOF GPEH-2 +  Numerical 2-DOF GPEH-2
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Figure 3. Analytical and numerical responses of 1-DOF and 2-DOF GPEHs : (a) R = 10 kQ; (b) R = 400 kQ; (c)
R = 1000 kQ

Sincethe resistance in AC interface can largely affect the output power of energy harvesters, comparing
the output valtages of the three configurations is not enough to illustrate the outperformance of 2-DOF
GPEH. Hence, it is important to evaluate the performances of the three energy harvesters in terms of
power.output with varying resistance. Figure 4 shows the output powers of three configurations for

12

Page 12 of 31



Page 13 of 31

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - SMS-107386.R1

three different wind speeds. Since the cut-in wind speed of these three configurations are largely
different, the wind speeds (U) are carefully chosen so that the relations between resistance and generated
power of these three configurations can be clearly depicted. It is found that the effects of resistance on
these energy harvesters are similar. For example, for the small wind speed (close to the cut-in wind
speed), two power peaks near the short circuit and open circuit respectively, are clearly obtained while
no power is harvested for the medium resistance. The main reason is that the medium resistance can
generate a large equivalent damping which increases the threshold of galloping and.thus no electricity
is produced. By increasing the wind speed, the galloping phenomenon can be attained for all resistances.
In this case, two power peaks and one power valley are observed. With the further increase of wind

speed, only one power peak is attained by these harvesters.

~
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Figure 4. Output Power of 1-DOF,and 2-DOF GPEHs for varying resistances

To fairly compare the output power of the three harvesters, their power peaks of their own optimal
resistances are furtherly shown in figure 5(a)s. It is noted that, for the low-speed wind (U < 4.3 m/s), the
2-DOF GPEH-2 has the highest power peaks; for the medium-speed wind (4.3 m/s < U < 5.3 m/s), the
conventional 1-DOF GPEH is the most efficient energy harvester; for the high-speed wind (U> 5.3 m/s),
the 2-DOF GPEH-1 generates the largest power peaks. Hence, to increase the energy harvesting
capability of low-speed wind.energy, which widely exists in our daily life, the 2-DOF GPEH-2 is the

most preferable design among, the three configurations.

In addition to cut-in'wind.speed and output power, the swept area depending on the configuration are
considered subsequently sincenit dictates how much flow energy is available to the device. The swept

area can be calculated’by

Sawept = L(D+2Z) (15)

where Z is the displacement amplitude of an energy harvester. The wind power is defined as the kinetic

energy flux of wind passing through the swept area and it is defined as
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PW=%pL(D+2z)U3 (16)
Hence, the efficiency of energy harvesting can be obtained

Ao = %xlOO% (@

w
where Pe is the electrical power generated by an energy harvester, which is defined by Eg. (A-22).

Figure 5(a) has depicted the power peaks of their own optimal resistances of these three energy
harvesters. Then, the corresponding efficiencies of three configurations can be©btained form Egs. (16)
and (17), which is depicted in Figure 5(b). It is revealed that the 2-DOF GPEH-2 has the highest peak
efficiency, which is about 0.113%, while the peak efficiency of conventional 1-DOF GPEH and 2-DOF
GPEH-1 are 0.0957 % and 0.0713% respectively. In summary, adwvell-designed 2-DOF GPEH is
beneficial to the decrease of the cut-in wind speed of conventional 1-DOF GPEH and the improvement

of power generating efficiency of small wind energy harvesting.
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Figure 5. (a) Power.peaks,and (b) energy harvesting efficiencies of 1-DOF and 2-DOF GPEHs

5. Parametric study.

In this section, to ascertain how to tune the 2-DOF GPEH-2 properly for achieving superior performance,
the influences,of System parameters including stiffness (ki and k2), damping (c; and cz), mass (m: and
my) and resistance etc., on the cut-in wind speed and output power are investigated. The other
parameters used in the analysis are kept the same as those listed in Table 1. The responses of 2-DOF
GPEH-2 are predicted by using the harmonic balance method. Since the first configuration of 2-DOF
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GPEH fails to reduce the cut-in wind speed and one of our key objectives is to decrease the threshold

of galloping. Hence the following parametric study will only focus on the 2-DOF GPEH-2.

5.1. Effects on cut-in wind speed
5.1.1 Effects of stiffnesses

Figure 6(a) presents the change of the cut-in wind speed (Uc) in response to the change,of the stiffness
k, for different shunt resistances. It is noted that with the increase of ki, the cutsin wind speed Uc
increases first with a fast rate, then slowly to a saturation value. In addition,.the variation of the
resistance does not change the effect of ki on Ue. Moreover, for a given ki, when thedshunt circuit is
close to the open circuit (e.g., 1000 k) or short circuit condition (e.g., 10k®Q), Ue: becomes relatively
small. While for a medium resistance (e.g., 500 kQ), U is quite large. This phen;nenon can be easily
understood by recalling the effect of the shunt resistance on the electricalrindueed damping, which has
already been discussed in the previous section.

Figure 6(b) shows the relationship between the stiffness k, and the cut-in"wind speed (Uc). It is found
that when the resistance is different, the effect of k, on U is different. For a small resistance (e.g., 10
kQ), the cut-in wind speed increases monotonously with the increase of k,. Under this situation, k> is
suggested to be tuned small for decreasing the threshold of galloping. However, when the resistance
becomes larger (e.g., 1000 kQ2), with the increase of kz; U firstincreases quickly then decreases slowly.
In addition, it is observed that when k, further increases to-approximately more than 200 N/m, the effect
of R becomes very weak and ignorable. Besides that;when k; is close to zero, the resistance R plays a
predominant role in the determination of the threshold of galloping. The potential reason is that, when
kzis small, the circuit induced stiffness (ke) as shown in Eq. (7) has a significant contribution to the total
effective stiffness of the whole system, which results in an evident influence on the circuit induced
damping. As a result, the cut-inspeethis.closely related to the resistance. However, when ks very large,
the circuit induced stiffness has only a minor effect on the total effective stiffness of the whole system

and the circuit-induced damping. Hence, the thresholds U, for large resistances are almost the same.

In summary, to reduce the cut-in'wind speed, a small ki is always preferred while the selection of k
depends on the resistance. For a small resistance, a small k is a better option to decrease Ucr. While for

a large resistance, there exists an optimal k. for achieving the lowest Uc,.
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Figure 6. Effects of ky and kz on the cut-in wind speed (U¢) of 2-DOF GPEH-2: (a) k1; (b) ko

5.1.2. Effects of mechanical damping

Mechanical damping is another critical factor that largely-affects.the threshold of galloping, therefore,
it is important to investigate the effects of damping on Ug. The fechanical damping c; and c; are
considered and the corresponding results are depicted in figure 7. It is noted that the cut-in wind speed
Uer increases with the increase of both c1 and cz2 .and this phenomenon holds for any resistance. As a
result, a smaller damping always leads to.a. lower Ug. Besides that, based on the comparison of figure
7(a) and 7(b), it is observed that U, is more sensitive to c; than ci. Therefore, decreasing cz is a more
efficient way to reduce Uk.
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Figure 7. Effects of ¢, and ¢z on the cut-in wind speed (U¢r) of 2-DOF GPEH-2: (a) c1; (b) c.
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5.1.3. Effects of masses

Figure 8 shows the effects of the masses m; and m, on the cut-in wind speed. Through the comparison
between figure 8(a) and 8(b), it is noted that the effects of m1 and m; are different. With the increase of
my, the cut-in wind speed first decreases then increases. Hence, there is an optimal m; where the lowest
U.r can be obtained. Different from my, Uer monotonously increases with the increase of my(figure 8(b)).
This trend is consistent for any resistance that varies from short circuit condition tothe open circuit
condition. As a result, in order to obtain a low U, m; needs to always be small while myshould be
optimized for different resistances.

In summary, based on the parametric study results, several guidelines to reduce the cut-in wind speed
are concluded as follows: firstly, the stiffnesses should be carefully tuneddased omitsrelation with the
resistance R; secondly, the system damping is suggested to be reduced assmuch as possible; finally, a

smaller m; and an optimal m; are recommended.
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Figure 8. Effect of m; and m; on the cut-in windispeed (Ucr) of 2-DOF GPEH-2: (a) effect of my; (b) effect of m;

5.2. Effects on power output N
5.2.1. Effects of stiffnesses

Figures 9(a) and 9(b)show the,power output of 2-DOF GPEH-2 for various ki and ko, respectively.
From figure 9(a), it.can be seen that the increase of the stiffness k; leads to increase of the cut-in wind
speed, which isrconsistent.with the conclusion obtained in 5.1.1. Meanwhile, the output power is
increased by decreasing k. in‘the low-speed wind condition. However, in the relatively high-speed wind
conditiony’such as U:= 3.0 m/s, the generated power increases with the increase of k;. Figure 10(a)
presents the different relations of the power output and the stiffness ki for different wind speeds. It is
revealed that for the low-speed wind, such as U = 1.5 m/s, the power output increases with the increase
of kybefore reaching the optimal k; where the maximum power output is obtained. Beyond the optimal
ki, the further increase of ki results in a decrease of power. The extreme case is that no power output is

generated for a large ki. However, for the high-speed wind, such as U = 5.0 m/s, the power output
17
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increases rapidly with the increase of ki at the beginning. As ki becomes quite large, the power output
will reach the saturation. As can be seen that, although the increase of ki will result in the increase of
the cut-in wind speed (figure 6(a)), the power output for the high-speed wind energy is also improved
dramatically. In conclusion, for the low-speed wind energy harvesting, an optimal ki can be obtained to
enhance the performance of 2-DOF GPEH under the premise of ensuring the occurrence of the galloping
phenomenon. While for the high-speed wind energy harvesting when there is no concern aboutithe cut-
in wind speed i.e., the occurrence of the galloping phenomenon, a large ki is preferable.in terms of

output voltage.

Figure 9(b) shows the effect of k, on the power output of 2-DOF GPEH when R = 400,kQ. It is noted
that, on one hand, for the low-speed wind, the increase of k, can reduce thereut-in wind speed when R
= 400 kQ; on the other hand, for the high-speed wind condition, the increase ofEIeads to a decrease
of power output. Since it is demonstrated as shown in figure 6(b) that the.effect of k, on the cut-in wind
speed varies for different resistances, thus the resistance should also.be considered when we analyse the
relation between the power output and k.. Figure 10(b) shows.the:power.eutput by varying k» when R
= 400 kQ. It is found that for the low speed wind, such assU = 1.5 m/s, only when k; € [42.93 N/m,
290.1 N/m] the system can generate electricity. If k; isfout of,this .range, no electrical energy can be
produced. As the wind-speed increases to the medium’ level, such as U = 2 m/s, this range can be
extended and there exists an optimal k. for achieving the maximum power output. For the wind speed
becomes further larger, such as U = 3 m/s, the increase of k. lead to a decrease of power output instead.
Moreover, for a small resistance (e.g., 10 kQ)as:shown. in figure 10(c), the increase of k. always results
in the decrease of power output regardless of the,wind speed.
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Figure 9 Power output of 2-DOF GPEH-2 for various ki and kz: (a) ki, R =400 kQ; (b) k2, R = 400 kQ
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Figure 10. Effect of ki and k, on power output of 2-DOF GPEH-2: (a) k1, R =400.kQ;s(b) k2, R = 400 kQ; (c) ke,
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5.2.2. Effects of mechanical damping

Figure 11 shows the effects of damping c: and c. on the power outputs of 2-DOF GPEH-2. The increase
of the two damping coefficients results in the increase of the cut=in wind speed and the reduction of the
power output, which is harmful for energy harvesting. From the comparison of c1 and ¢, it is noted that
c. plays a more significant role in affecting the power.output. Therefore, to satisfy the requirements of
low cut-in wind speed and high output voltage, the'damping should be as small as possible.
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Figure 11, Effect of ¢1 and ¢, on power output of 2-DOF GPEH-2: (2) ¢1, R =400 kQ; (b) ¢z, R =400 kQ
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5.2.3. Effects of masses

Finally, the effect of mass, m1 and my, are evaluated in figure 12. It is indicated in figure 12(a) that the
increase of m; has a significant influence on the cut-in wind speed and the generated power of low-
speed wind condition. When the wind speed is relatively large, the variation of m; rarely affects,the
power output. It is worth mentioning that, it is also able to observe from figure 12(a) that the cut-in
wind speed decreases with the increase of m; when my is relatively small, while when m; becemes
relatively large, the relationship between the cut-in wind speed and m; becomes inverse. This is
consistent with the conclusion revealed in figure 8(a) that has been discussed in Section 5.1.3. For the
effect of m, depicted in figure 12(b), it is found that an increase of m; results in a decreased power

output under the low-speed wind condition and an improved power under the'high=speed wind condition.
~

To further clearly show the effects of m; and m, on the power output for different wind speeds, the
relations of power and mass are illustrated in figure 13. Under the low-speed wind condition, such as U
= 1.5 m/s, there is an optimal m; that the maximum power is achiéved and there is an upper-bound for
m, exceeds which, no electrical energy can be generated. However;the relation between the power and
the mass in the high-speed wind condition differs a lot fromshat in the low-speed wind condition. First,
the harvested power is not sensitive to the change of my@and almaost.the same for different m;. Second,
an optimal m, can be obtained to attain the peak power for the h?gh—speed wind condition and this
optimal m; increases with the wind speed. These characteristics are useful to guide the optimization of

2-DOF GPEH-2 for enhanced performance by adjusting'm; and m, according to the wind conditions.
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Figure,12. Effect’of m; and m, on power output of 2-DOF GPEH-2: (a) m1, R =400 kQ; (b) mz, R =400 kQ
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Figure 13. Effect of m; and m, on power output of 2-DOF GPEH-2 for different wind speeds: (a) m;, R = 400
kQ; (b) mz, R =400kQ

6. Conclusions

To reduce the cut-in wind speed and improve the output of the conventional 1-DOF galloping PEH, this
paper develops two different configurationsiof.2-DOF GPEHSs. The dynamic characteristics and energy
harvesting performance of the two 2-DOF configurations and their potential advantages over the
conventional 1-DOF GPEH are investigated. First, the harmonic balance method is utilized to derive
the analytical solutions of both 1-DOF and 2-DOF GPEHSs. Then, numerical simulations are conducted
and the results agree very well witrQhe analytical predictions. From the comparison between the two
2-DOF configurations and the conventional 1-DOF counterpart, it is demonstrated that the second
configuration of 2-DOF GPEH can easily reduce the cut-in wind speed and largely improve the output
power of small wind energy harvesitng, which is very promising to improve the efficiency of harvesting
low-speed wind energy. Subsequently, a parametric study is conducted to ascertain the effects of the
mechanical parameters.on the cut-in wind speed and harvested power of 2-DOF GPEH-2. Some useful

conclusions are drawn as follows:

(1) The second configuration of 2-DOF GPEH (2-DOF GPEH-2) provides an efficient way to reduce
the cut-in wind speed and enhance the power output, while the first configuration (2-DOF GPEH-
1) fails to:maintain a lower cut-in wind speed but it still has the ability to improve the output under

the high-speed wind condition.
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(2) To pursue a low cut-in wind speed, the parameters of 2-DOF GPEH-2 including the damping (c:
and cy), stiffness (ki) and mass (m), are required to be small, while m; can be optimized. The
influence of k. on the cut-in wind speed significantly depends on the resistance when k> is‘hot very
large: when the resistance is small, a small k. is always preferred; while for large resistances, an
optimal k2 can be obtained,

(3) Several ways to improve the output voltages of 2-DOF GPEH-2 are given as follows: thesfirst
method, which is not sensitive to the resistance, is to decrease the damping (c; and c); the second
method, which is sensitive to the wind speed, is to optimize ki and m in the low-speed wind
condition while to increase ki and optimize m; in high-speed wind condition. The, third method,
which is sensitive to both the wind speed and the resistance, is to reduce’k; for the small resistance
while for the large resistance, k. should be optimized in low-speed wind conation and reduced in

the high-speed condition.
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Appendix

Approximate analytical solutions of conventional 1-DOF GPEH

The governing equations of conventional 1-DOF GPEH are,

M, X + ¢, X+, X — V= lpULD[sp'(—s—?'z(X)?}
2 U (A1)

.V
CVt+—+0x=0
R
Assume the appropriatessolutions have the following form,

x=a, (t)sin(wt)+b, (t)cos(wt)
V =a,(t)sin(wt)+b, (t)cos(wt)

X = d(t)=ab (t) ]sin(ot)+| wa, (t)+b(t) |cos (A2)
V=4a,(t)-o 3(t)]sm(a)t)+[ ( )+b (t)] ( )
X = -0’8, (1) - 20, () ]sin (ot)+[ 204, (t) - 0B, (t) |cos(et)

Substituting/Eq. (A.2) into the first expression of Eq. (A.1), neglecting the higher harmonics and

balancing the terms of sin(wt) and cos(w?), we obtain

22

Page 22 of 31



Page 23 of 31 AUTHOR SUBMITTED MANUSCRIPT - SMS-107386.R1

-mo’a, (t)—cob (t)+ka, —fa, += pULD(sl—4UZa) (blz(t)+af(t))ja)bl(t)

3s

= 2myab, (t) -, (t)+ pULD( l—ZFw ? (b (t)+af(t))jal(t) (A-3)

oNOYTULT D WN =

9 3 VLD (81 0) 451 (1) 208, ()11 + 208, (08 1) (& (1) ot )

13 —nywzbl(t)+cla)a1(t)+k1bl—0b3—;pULDa)al(t)(sl jjg’zwz(bf(tﬁaf(t))j

. - -amoa (1)-ch (1) 5 pULDbl(t)(sl—jLsfza)z(bf (t)+af(t))j (A4)

s £ L oa, (1)+5,0][ 3 53 (8 (1) 452208 ()0,) 208 )i

Applying the same procedure into the second expression of Eq. (A.1) yields

2 %) b, (1) - oty (1) =, (1) 0a5() (A5

2 %), 00,0, (1) + o, (1) -, S0 ), ~6)

In the steady state, all time derivates vanish sothat.Eqgs. (A.3).~ (A.6) are simplified as
33 2 1 38 22y _
Mm@ ai—clcobl+k1a1—.9a3+5pULDw sl—zma)r b=0

1 3s
36 —mla)zbl+cla)a1+klb1—6’b3—ZpULDa)[sl—4U32a)2r2ja1 =0 (A7)

38 %—wcpba—webfo

b
41 E3+a)Cpa3M9a1=O

44 where 1’ =a’ +b?.

By solving Eq. (A.7), we canobtain the approximate solutions of conventional 1-DOF GPEH, which is

48 given as

(A8)
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Approximate analytical solutions of 2-DOF GPEH-1

The governing equations of 2-DOF GPEH-1 (refers to figure 1(b)) are

mX+c, (X—y)+k (x-y)=

m2y+c2y+k2y—9\/ :EPULD[Sly_%(Y)S]"Cl(X_Y)+k1(x_y)

.V .
CV +§+9y:0

(A9)

where my, C2, and kz, are the effective mass, damping and stiffness of (the auxiliary oscillator,

respectively, y is the displacement of the auxiliary oscillator. =

Assuming the appropriate solutions have the following form,

<
Il
1
|
e
N
N
—~
—
~
|
N
1S
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—~
—
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94
o §
—~
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S~
+
1l
N
g
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—
~
e
()
o
N
—~
—
~
| —
o
o
(7]
—_
S
~

(A-10)

Substituting Eqg. (A-10) into Eqg. (A-9);.neglecting the higher harmonics and balancing the terms of

sin(wf) and cos(wt), one obtains
s, (t) ¢ (~aiyt) 00, [ (3 -a,) = 2mof (1) - (&, (1), (1)
-’ (t)+ca(@y(t) -4, (1)) + (b ~b,) =—2med, (t) - (b (t)-b, (t))

—m,e’a, (1) b, (t)+ (b (1) b, (1)) +k,a, () - 02, () -k, (a, (t) -3, ()

+= pULD( ijz (bZ()+a§(t))ja)b2(t)
3s,

6 a1 Sanf)» 2mob, (1), (05 LD 55 ! (2(0) 422 1) J 1)

X pULD(—jJsZ(aZZ (t) 52 (1)~ 20, ()1 (t)+ 20, ()5 (t))j(az (t)- by (1))
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—m,a’h, (t)+c,ma, (t)—c,m(a, (t)—a, () +k,b, (t)—6b, (t) -k, (b, (t)—b, (1))
—%pULDa)az (t)[sl —%%a)z (b3 (t)+a3 (t))j

1 ; (A-11d)

- cl(bl(t)—bz (t))—2m2a)a2 (t)—c,b, (t)+5pULDbz (t)(sl _Z%wz (bzz (t)+a? (t))j

2 UL oa (1) <+, (t)](_jjz(ag ()82 (1)~ 208, (t)b, (t)+ 208, (1)5, (t))j
210, (1) -t (=€, ()-8, (1) (at1e)
20, 00,0 (1) + 0, (1)= -6, ()- 66, ) (119

In the steady state, all time derivatives vanish so that Eq. (A-11) is simplified as
-mo’a +co(-b +b,)+k (a,—a,)=0
-ma’b +co(a,—a,)+k (b —b,)=0

e, -0, + (5 ~b,) s, 08, -k, (-8 P FULDR 8- 20 (5 ) |0
1 3s
_m2w2b2 +C08, _Clw(ai _az)+ kzbz —0b3 _kl (b1 _bz)_EPULDCOaZ (51 —Zufia)z (b22 +a22 )j =0

%—prb3—a)6b2 -0

b—Rf+a)Cpa3+a)49a2 =0

(A-12)

Since the fifth and sixth expressions in Eq. (A=12) are linear, the electrical coefficients as and bz can be

solved as N
4 —0C 2, (Rw)’ +ORwb,
= 2
(CoRe) +1 (A-13)
o _ ~6C b, (Rw)’ —6Rwa,
’ (CpRa))2 +1

Substituting the electrical stiffness and damping (Eqg. (7)) into Eq. (A-13) gives

1
& = g(_kAcaz +C/—\Cwb2) (A-14)

1
b, = 5(_kACb2 - CAcwaz)

Substituting the steady-state solutions for as and bs into Egs. (A-12a) and (A-12b) yields
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(Cla))z + (kl -mo’ ) Ky mw°C,®
a = 2 Pakc i N2 7 %
(kl—mla) ) +(Cla)) (kl—mla) ) +(Cla)) (A—15)
__ m,c,o° a (Cla))2 +(k1 -mo’ ) Ky b
(kl -mo’ )2 +(co) ’ (k1 -mao’ )2 +(c )’ ’

Eq. (A-15) can be rewritten as

a, = pa, + qbz
A-16
{bl =-qa, + pb, (A10)
where
~
(C1a’)2 +(k1 _m1w2)k1 mw’c,w
p= = (A-17)

(k,—m’ )2 +(co)’ (k,—m@’ )2 +(co)

Hence, the relation between r, and ry follows

r, =+ P’ +q°n (A-18)

4

where r, =,Ja? +b? and r, =y/a; +b; are thédisplacement amplitudes of x and y respectively.

Subsequently, submitting Eg. (A-16) into Eqgs. (A-12c)and (A-12d) and solving the equations, one
obtains

[—mza)Z —coq+ky, —k (p —1)Ja2 +[—62a)+clw( p-1)—kg +%,0ULD(51 —%j—iw%yzjw}bz -0

(A-19)
{Eza;—cla)( p-1)+ qu—%pULD(sl—%J—?’zwzryzjw}az +[—m2a>2 —c0q +k, —kl(p—l)Jb2 =0
N
where T, =C, +C,, k, = ky + Kyt Eq. (A-19) can then be further simplified as:
—m,e” — ¢ +k, —k(p-1)=0
(A-20)
—C,0+c0( p—1)—k1q+%pULD(sl—%%a)2rfjw:O

By solving Egs. (A=20), we can obtain the frequency of dynamic responses (w) and the displacement

amplitude.ry.

The output voltage V can be determined by Eq. (A-14) as

_ _ ORw (A-21)
V =,/aZ +b? = ——,
J(chw) +1
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The output power is

2 R(6w)
P =V_=<—“’2ry2 (A-22)
R (C,Re) +1
Approximate analytical solutions of 2-DOF GPEH-2

The governing equations of 2-DOF GPEH-2 (refers to figure 1(c)) are

mX+c, (X—y)+k (x—y)= %pULDI:SlX—%(X)B}

m2y+C2y+k2y—H\/=C1(X—Y)+kl(X—Y) (A-23)

~

.V :
CV +E+9y:0

Similarly, the same procedure is employed to solve the approximate,solutions of 2-DOF GPEH-2.
Assuming the appropriate solutions have the same form as Eq. (A-10), substituting Eq. (A-10) into Eq.
(A-23), neglecting the higher harmonics and balancing theterms:of sin(w?) and cos(w?), we obtain

4
_ 1a;zal(t)Jrcl(—a)bl(t)+a)b2(t))+k1(a1—az)+;pULD(sl—Z%a)z(bf(t)+af(t))ja)bl(t)
- m, 208, (1), () -, (1)) + 5 LD 5.~ oo (Bi(1) 4 1) a0 (A2
+;pULD(—jlj‘°’2(af(t)+bf(t)—Za)al(t)bl(t)JrZwai(t)bl(t))j(ai(t)—wbl(t))
_nhwzbl(t)+clw(a1(t)—a2(t))+k1(bl—bz)—%pULDwai(t)(sl—%%a)z(bf(tﬁaf(t))j
=—2mla)ai(t)—cla)(bl(t)—bz(t))+§pULDbl(t)(sl—%%a)2(bf(t)+af(t))j (A-241)
2 LD a, (1) )](_%ig(af(t)wf (t)_2wa1(t)b1(t)+zwa1(t)bl(t))]
—m,aa,(t) - c,ab, (t)+c,m(b (t) b, () +k,a, - fa, -k, (2, -a,)
(A-24c)
=, (8(t) =@, (t)) + 2m,mh, (t)—c,3, (1)
_mza,.sz (t)J‘rcza)a2 (t) Cla)(al(t)—‘a2 (t))+ k,b, — b, —k, (b, —b,) (A240)
:Q(bl(t)_bz(t))_zmza’az(t)_czbz(t)
w_wcpbs(t)_a)ebz(t):_cpas(t)_aaz(t) (A-24e)

R
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bngt)+wcpa3(t)+a)9a2 (t)=—-C,b, (t)— b, (t) (A-24f)

Since all the time derivatives vanish in the steady state, that Eq. (A-24) is simplified as

3

—mla)zai+cl(—a)b1+a)b2)+kl(a1—a2)+;pULD(sl—“jza)z(bf+af)ja)b1:0

-ma’b, +cm(a, —a,)+k (b, —bz)—%,oULDa)a1 (sl —%%a)z (bf +af)j =0

-m,w’a, —c,0b, + (b, —b,)+k,a, —fa, -k (a,—-a,)=0 (A-25)
-m,w’h, + c,0a, —cw(a, —a, )+ k,b, — b, —k (b, —b,) =0

%— oC,b, — w0b, =0

tl;3+a)Cpa3+a)¢9a2 =0

Notably, since the fifth and sixth expressions of Eq. (A-25) are same with that of Eq. (A-12), Egs. (A-
13) and (A-14) are still valid for 2-DOF GPEH-2. Thus, substituting Egs. (A-13) and (A-14) into the
third and fourth expressions of Eq. (A-25) gives

{_mza’zaz —C,ab, +Cla’(b1_b2)+lzza2 _ki(ai_az’zo (A-26)
_mzwzbz +C,m8, _Cla)(ai_az)"'lzzbz _ki(bl_bz)zo

By rearranging Eq. (A-26), we obtain

{az = 531 _qbl (A_27)
bz = qa1 + f’bl
where

K, (—mza)2 +k, +k1) +Co(Cwtcw)

p= - q=
(—mza)2 +k, +k, )2 Y (catcw)

—k, (Cotc,m)+ Cla)(—mza)2 +k, +kl)

(Gotcw) + (—mza)2 +k,+k, )2

(A-28)
Hence, the amplitudes of the displacements are related by
=2 | =2
r,=4P +4°r, (A-29)
By submitting Eq..(A-28) into Eq. (A-29), we obtain
2 2 2
ki +c o (A-30)

y X

r=r
\/(m2w2 +k, +k1)2 +(go+co)
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Subsequently, by submitting Eq. (A-27) into the first and second expressions in Eq. (A-25) and solving
the equations, we obtained

[-me® +cof+k (1- p) |a, j{qu—cla)(l— f’)+%PU|—DCU(31 —%%a’zrxzﬂbl =0

~ = A D 1 3
[-m@” +cmb+k, (1- ) |by {qu ~co(1- P)+§/’ULD“’(31 _Z%wzrfﬂai -

Since a; and by are non-zeros, it implies that

—mw’ +cwid+k (1- p)=0
(A-32)
kG — o (1- E))+%pULDa)(sl —%%a)zrfj -0

By solving Eq. (A-32), we can obtain the frequency of dynamie.responses (w) and the magnitudes of
displacement responses ry of 2-DOF GPEH-2. The output voltage V and power P, of 2-DOF GPEH-2
can also be determined by Egs. (A-21) and (A-22).
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